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Abstract
We study WZW models with the large N = 4 superconformal symetry. Our main
result is a geometric interpretation of the large N = 4 index. In particular, we find that
states contributing to the index belong to spectral flow orbits of special RR ground
states. We use (anti-)holomorphic differentials with torsion to clarify the geometric
meaning of these states in terms of differential forms on the target space.
1 Introduction
Supersymmetric 2d quantum field theories have been an area of active research for several
decades. Supersymmetry is a powerful tool which gives a lot of control over the structure of
these theories. In particular, it allows the construction of indices [1, 2, 3, 4, 5] which provide
important information about the theory at a generic point in the moduli space. For example,
the elliptic genus [2, 3, 4] was used to establish the relation between N = 2 minimal models
and Landau-Ginzburg theories. As another example, the “new index” of [5] was crucial for
understanding the structure of the vacua of the N = 2 supersymmetric theory.
In 2d non-linear σ-models with superconformal symmetry an index may be understood
more intuitively in terms of the geometry of the target space. For instance, the elliptic genus
was interpreted in [3] as the index of Dirac operator in loop spaces. The purpose of this
paper is to find a geometric interpretation of the large N = 4 index recently constructed
in [6].
The large N = 4 index (I2) describes theories with the large N = 4 superconformal
symmetry Aγ [7]. The algebra Aγ is different from the small N = 4 superconformal algebra
in that it contains two ̂su(2) current algebras instead of one. This higher symmetry restricts
the spectrum of the theory in essential ways [8, 9, 10, 11]. The basic information about the
spectrum, captured by the large N = 4 index, was used in the search [6, 12, 13, 14] for the
holographic dual CFT of the string theory on AdS3 × S3 × S3 × S1.
The index I2 is defined by:
I2 =
[
z+z+
d
dz−
d
dz−
Z
]
z
−
=−z+, z−=−z+
(1.1)
Here Z is the RR sector Aγ character [10]
Z(q, z±; q, z±) := TrHRRz
2iA−;30− z
2iA
−;3
0− z
2iA+;30
+ z
2iA
+;3
0
+ q
L0−c/24qL0−c/24 (1.2)
and A±;i0 are zero modes of the
̂su(2)+ ⊕ ̂su(2)− currents.
The N = 4 world-sheet supersymmetry requires [15, 16] the target space X of the non-
linear σ-model to be a Hyper-Ka¨hler-Torsion manifold [17]. However, realization of Aγ
algebra is known only for the N = 4 gauged WZW models which are special due to their
relation with the N = 4 coset CFT’s [18, 19]. For this reason, our strategy to reveal the
geometric meaning of the large N = 4 index I2 will rely on these models.
The main result of this paper is a geometric interpretation of the index I2 for the N = 4
gauged WZW models. We show that the states contributing to the index I2 belong to
spectral flow orbits of special RR ground states and characterize these states geometrically
as certain (p1, p2) forms on the target space X. In particular, these forms satisfy
DC = ν ∧ C, D†C = iwC (1.3)
DC = ν ∧ C, D†C = iw¯C (1.4)
where
(
D
)
D are (anti-)holomorphic differentials with torsion. Vectors w, w¯ and 1-forms
ν, ν depend on a particular RR state.
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The (p1, p2) forms, which correspond to the RR ground states relevant for the index, are
further specified by a number of requirements (see Section 5). Some conditions enforce that
the forms have the highest (lowest) weight under the action of the zero mode subalgebra of̂su(2)+ ⊕ ̂su(2)− on differential forms on X. Other conditions state that the (p1, p2) forms
have vanishing interior (exterior) product with certain vectors (1-forms) defined in terms of
torsion and a triplet of complex structures on the target space.
Our strategy to reveal the geometric meaning of the large N = 4 index will be to start
(Section 2) with the realization of Aγ algebra for the N = 4 gauged WZW models, review
(Section 3) the structure of ground states in a massless R-sector representation of this algebra,
identify the states contributing to the index I2 (Section 4), and, finally, find a geometric
interpretation of these special states (Section 5).
2 WZW models with Aγ symmetry.
In this section we review the realization of the Aγ algebra for the N = 4 gauged WZW
models [15, 18, 19, 20]. We are interested in these models for the following reason. In order
to find a geometric interpretation of the large N = 4 index we must start from a σ-model
with Aγ symmetry and express Aγ generators in terms of the σ-model fields. At present, the
N = 4 gauged WZW models are the only known representatives of such σ-models and we
will rely on them.
The key issue that makes the N = 4 gauged WZW models special among σ-models
with Aγ symmetry is their relation with the N = 4 cosets G/H. Here G = SU(N + 2) or
G = G′ ⊗ U(1) with G′ a simple group different from SU(M). In the construction of these
cosets one chooses a subgroup H in such a way that G/ (H × U(2)) is a Wolf space [21]. The
simplest case G = SU(3), H = I corresponds to WZW model for the group manifold SU(3).
We recall the correspondence between general supersymmetric gauged WZW models and
superconformal cosets in Section 2.1. We use the coset description of the N = 4 gauged
WZW models to realize the generators of Aγ algebra in Section 2.2.
2.1 Review of supersymmetric gauged WZW model
Here we recall basic facts about supersymmetric gauged WZW models and review their
description in terms of superconformal cosets. We follow the discussion in [22].
It is convenient to work in (1,1) superspace with coordinates Z = (z, θ) and Z = (z, θ).
Then the fields are arranged in the superfield as:
G = g
(
1 + θψ + θg−1ψg − θθψg−1ψg
)
(2.1)
where g(z, z) is a map from Riemann surface Σ to the group manifold G. The fermions
ψ(z, z) and ψ(z, z) take values in the Lie algebra g of G. There are also gauge superfields
A and A whose components take values in the complexification of the Lie algebra h of H, a
subgroup of G.
2
The σ-model action has the form:
S(G,A,A) =
∫
d2θ
{
I(G) +
k
4π
∫
Σ
d2zTr′
(
AG−1DG−DGG−1A−AA+AG−1AG
)}
(2.2)
where k ∈ Z+ and D = ∂θ + θ∂z, D = ∂θ + θ∂z and we denote
I(G) = − k
8π
{∫
Σ
d2zTr′
(
G−1DGG−1DG
)
+
∫
B
dtd2zTr′
(
G˜−1∂tG˜
[
G˜−1DG˜, G˜−1DG˜
])}
(2.3)
Here t, z, z are coordinates on a 3-manifold B such that ∂B = Σ and G˜ is an extension of
the map G.
We use notation Tr′ = 1
xR
TrR where xR is the Dynkin index of a representation R of the
Lie algebra g. The hermitean generators TAˆ satisfy
[TAˆ, TBˆ] = ifAˆBˆCˆTCˆ , T rR TAˆTBˆ = 2xRδAˆBˆ (2.4)
where fAˆBˆCˆ are anti-symmetric in all three indices. (We do not distinguish lower and upper
indices.)
To realize Aγ algebra in section 2.2 we will use the correspondence between supersym-
metric gauged WZW models and superconformal cosets. This relation was established in
[22] following the early proof for the bosonic CFT [23]. The idea is to fix the gauge A = 0
and change variables from A to H by parametrizing A = −DHH−1. This procedure has
to be accompanied by the introduction of ghost superfields B,C,B,C taking values in the
complexification of the Lie algebra h with the action:
Sghost = − k
8π
∫
d2θd2z
{
Tr′
(
BDC+BDC
)}
(2.5)
Also, using supersymmetric version of Polyakov-Wiegmann identity, one may write
S ′(G,H) := S(G,A = −DHH−1, 0) =
∫
d2θ
(
I(GH)− I(H)
)
(2.6)
where I(G) is defined in (2.3). The last step is to make change of variables G → GH−1
which has a trivial Jacobian. Then, the path integral takes the form:
Z =
∫
[dG][dH][dB][dC][dB][dC]e
−
∫
d2θ
(
I(G)−I(H)
)
−Sghost (2.7)
The key point in the proof of [22] is that the total energy momentum-tensor
T = Tg + T˜h +Tghost (2.8)
is equal to the one of the coset CFT up to a BRST-trivial term. Here Tg corresponds to
WZW model for the group G, the “tilde” in T˜h indicates that the term with Cartan-Killing
metric is taken with negative sign, and the ghost piece Tghost has the standard form.
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Let us clarify this key issue a bit more. The components of the term Tg =
1
2
Gg(z)+θTg(z)
are:
Tg =
1
k
(
:EAˆ(z)EAˆ(z) : − :ΨAˆ(z)∂ΨAˆ(z) :
)
(2.9)
Gg =
2
k
(
ΨAˆ(z)EAˆ(z)− i
3k
HAˆBˆCˆ :Ψ
Aˆ(z)ΨBˆ(z)ΨCˆ(z) :
)
(2.10)
where HAˆBˆCˆ =
1√
2
fAˆBˆCˆ and the currents E
Aˆ(z), ΨAˆ(z) are given in terms of σ-model fields
(2.1) as:
EAˆ(z) = − k√
2
(
∂gg−1
)Aˆ
, ΨAˆ(z) = − k√
2
(
gψg−1
)Aˆ
(2.11)
They have the following non-vanishing OPE’s
EAˆ(z)EBˆ(w) ∼ n
2
δAˆBˆ
(z − w)2 +
iHAˆBˆCˆE
Cˆ(w)
z − w (2.12)
ΨAˆ(z)ΨBˆ(w) ∼ k
2
δAˆBˆ
z − w (2.13)
where n = k − cg and cg is dual coxter number of group G.
Now, one defines the energy-momentum tensor Tcoset =
1
2
Gcoset(z) + θTcoset(z) for the
coset CFT:
Tcoset =
1
k
:EAEA : +
2i
k2
HABIE
I :ΨAΨB : − n
k2
:ΨA∂Ψ
A : (2.14)
− 1
k3
HABCH
A
EF :Ψ
BΨCΨEΨF : +
2
k2
HABCH
EBC :ΨE∂Ψ
A :
Gcoset =
2
k
(
ΨA(z)EA(z)− i
3k
HABC :Ψ
A(z)ΨB(z)ΨC(z) :
)
(2.15)
where we split the generators T Aˆ = (TA, T I) (2.4) so that T I , I = 1, . . . , dim(H) span the
Lie algebra h while index “A” runs over the coset. Then,
Tg −Tcoset + T˜h +Tghost
was shown to be a BRST-trivial operator.
2.2 Aγ generators in terms of the gauged WZW fields.
In section 2.1 we reviewed coset description for general supersymmetric gaugedWZWmodels.
Here we recall how the coset description for the N = 4 gauged WZW models is used to realize
the generators of the left-moving Aγ algebra.
The Aγ algebra consists of Virasoro current T (z), four dimension 3/2 supersymmetry
generators Ga(z), six generators A±;i of the current algebra ̂su(2)+⊕ ̂su(2)−, four dimension
1/2 fermions Qa(z) and a dimension 1 boson U(z). The central charge of this algebra is
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parametrized by two natural numbers k+, k− and has the form c =
6k+k−
k++k−
. The OPE’s of Aγ
algebra are given in Appendix B.
The realization of Aγ algebra for the N = 4 coset starts from promoting the supersym-
metry current (2.15) into the four supersymmetry generators. We will omit the subscript
“coset” from now on:
Ga =
2
k
[
ΨAJaABE
B − i
3k
SaABC :Ψ
AΨBΨC :
]
(2.16)
where JaAB = (J
i
AB, δAB), a = (i, 4), i = 1, 2, 3. The objects J
i
AB and S
a
ABC will be determined
shortly.
Using OPE’s (2.12)(2.13) of the currents EAˆ(z),ΨA(z) we find:
Ga(z)Gb(w) ∼ 4
k2
{
k/4
(z − w)3
[
nJaABJ
bAB +
1
3
SaABCS
bABC
]
+
1
(z − w)2
[n
2
JaACJ
b C
E :Ψ
AΨE : +
ik
2
JaACJ
b
AEH
CEBˆEBˆ +
1
2
SaBCAS
bBC
E :Ψ
AΨE :
]
+
1
z − w
[k
2
JaCAJ
bC
B :E
AEB : +iJaACJ
b
BDH
CD
Fˆ
EFˆ :ΨAΨB :
+
ik
4
JaACJ
b A
EH
CE
Dˆ
∂EDˆ − iS(aAEDJ b) ABEB :ΨEΨD : + (2.17)
n
2
JaBCJ
b C
A :∂(Ψ
B)ΨA : +
1
2
SaBCAS
b BC
E :∂(Ψ
A)ΨE : − 1
2k
SaABCS
bA
EF :Ψ
BΨCΨEΨF :
]}
We have to compare (2.17) with the corresponding relation in Aγ algebra:
Ga(z)Gb(w) ∼ 2c
3
δab
(z − w)3 −
4k−t
+i
abA
+i(w) + 4k+t
−i
abA
−i(w)
k(z − w)2 (2.18)
−2k−t
+i
ab ∂A
+i(w) + 2k+t
−i
ab ∂A
−i(w)
k(z − w) +
2δabT (w)
z − w
where t±iab = ±2δi[aδ4b] + ǫiab and
c =
6k+k−
k
, k = k+ + k−
Let us first look at the terms ∼ 1
z−w which are symmetric in indices a, b. Comparing
(2.17) with (2.18) gives the following constraints:
J
(a
ABJ
b)A
C = δ
abδAC , J
(a
ACJ
b) C
B = δ
abδAB (2.19)
J
(a
ACJ
b)
BDH
CD
E − JD(aESb)DAB = δabFEAB (2.20)
JkCDH
D
BI = J
kD
BHCDI , k = 1, 2, 3 (2.21)
S
(a
D[ABS
b) D
EF ] = δ
abPABEF , S
(a
ABES
b)AB
F = δ
abνEF (2.22)
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where tensors FEAB, PABEF , νEF will be determined in a moment.
The constraints (2.19) require that J iAB are almost complex structures on the coset, i.e.
they are anti-symmetric1
J iAB = −J iBA (2.23)
and satisfy the algebra of imaginary quaternions
J iABJ
jB
C = εijkJ
kA
C − δijδAC (2.24)
Let us consider (2.20). Taking first a = i and b = 4 we find
S4ABC = HABC , S
i
ABC = 3J
i D
[A HBC]D (2.25)
Next, consider a = 4, b = 4 to obtain FEAB = 0 and a = i, b = j to find
3J
A(i
[C J
j) B
D HE]AB = HCDEδ
ij (2.26)
Note that (2.26) is the condition for integrability of the complex structures J i. In [15] there
is an explicit expression for the triplet J i satisfying (2.26). From this condition follows that
SaABC can be also recast as
SaABC = J
a D1
A J
a D2
B J
a D3
C HD1D2D3 (2.27)
From (2.21)(2.25) and using also:
HA[BCH
A
EF ] +HI[BCH
I
EF ] = 0 (2.28)
HABCH
ABD = cgδ
D
C − 2HIBCHIBD (2.29)
we check that conditions (2.22) are true with
PABEF = HD[ABH
D
EF ], νEF = HECDH
CD
F (2.30)
Let us now look at the term ∼ 1
(z−w)3 in (2.17). From (2.27) we find
SaABCS
bABC = 3dXδ
ab (2.31)
We used that for the N = 4 coset X = G/H
ch = cg − 2, dX = 4(cg − 1), dimH = c2h − 1
and thus
HABCH
ABC =
(
cgdX − 2(cg − ch)dimH
)
= 3dX (2.32)
From (2.31) we find that the term ∼ 1
(z−w)3 has the correct structure as in (2.18) with central
charge:
c =
6k+k−
k
, k− = cg − 1, k+ = n + 1 (2.33)
1Recall that we do not distinguish upper and lower indices.
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Finally, let us consider the term ∼ 1
(z−w)2 in (2.17). We use the following helpful formulae:
JaA[BJ
bA
C] = −(t+i)abJ iBC , J [aECJ b] CF = −(t−i)abJ iEF (2.34)
SaBC[AS
bBC
E] = −(t−i)abJ iAE + (t+i)abM iAE , M iAE = SiBC[AHBCE] − J iAE (2.35)
to find the correct structure as in (2.18) with
A−;i =
1
2k
J iAE :Ψ
AΨE : (2.36)
A+;i =
i
2k−
[
J iAEH
AEDˆEDˆ +
i
k
M iAE :Ψ
AΨE :
]
(2.37)
Now let us check the OPE’s of ̂su(2)+ ⊕ ̂su(2)− currents:
A±;i(z)A±;j(w) ∼ −k±
2
δij
(z − w)2 +
εijkA
±;k
z − w
A−;i(z)A+;k(w) = reg (2.38)
In order to prove (2.38), it is convenient to bring M iAB into the form
M iAB = k−J
i
AB − hiCHCAB, hiF = J i ABHABF , i = 1, 2, 3 (2.39)
Note that (2.39) follows from the general expression (2.35) by using the property of the
N = 4 cosets
Jk ABHABI = 0, k = 1, 2, 3 (2.40)
This property is due to the specific choice of a subgroup H in the construction of the N = 4
cosets G/H. We recall that for these cosets G = SU(N + 2) or G = G′ ⊗ U(1) with G′ a
simple group different from SU(M). A subgroup H is chosen in such a way that its simple
roots are orthogonal to the highest root of SU(N + 2) or G′.
Then, OPE’s (2.38) are reproduced correctly due to the following properties of hiF :
hiAh
j
BH
ABC = −2k−ǫijkhk C (2.41)
hiCh
k C = 4k2−δ
ik, hiDh
k
FH
DABHFAB = 4k
2
−(k− + 1)δ
ik (2.42)
Checking the rest of the OPE’s of Aγ algebra (see Appendix B), determines
Qb =
i
2k−
hbFΨ
F (2.43)
U =
i
2k−
h4F
(
EF − i
k
HFED : Ψ
EΨD :
)
(2.44)
where we denote
hbF = (h
i
F , h
4
F ), i = 1, 2, 3, h
4
F = −J i CF hiC ∀i (2.45)
and hiF is defined in (2.39).
Note that second term in (2.44) is non-zero only for the case G = SU(N + 2). For the
other choice G = G′ ⊗ U(1) one finds that U is a generator of the U(1) factor.
As an example of the realization of Aγ algebra, we present explicit expressions for
J iAB, HABC and h
a
F , M
i
AB for the case of SU(3) WZW model in Appendix C.
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3 The ground states in a massless R-sector Aγ module.
In this section we review some of the results [8, 9, 10] about RR characters of Aγ algebra
and the structure of the ground states in a massless R-sector Aγ module. This information
will be used in Section 4 to identify the special states contributing to the index I2.
Let HRR be a representation of the RR sector algebra2 Aleftγ ⊕Arightγ . The RR sector Aγ
character is defined by [10]:
Z(q, z±; q, z±) := TrHRRz
2iA−;30− z
2iA
−;3
0− z
2iA+;30
+ z
2iA
+;3
0
+ q
L0−c/24qL0−c/24 (3.1)
For a general unitary theory with Aγ symmetry Z has a form:
Z =
∑
u,u
k+
2∑
l+,l+=
1
2
k
−
2∑
l
−
,l
−
= 1
2
Nl+,l−,u;l+,l−,uSCh
Aγ , R
0 (l+, l−, u; q, z±)SCh
Aγ , R
0 (l+, l−, u; q, z±) + . . .
(3.2)
where the contribution of the massless R-sector representation r = (l+, l−, u) is given by
SCh
Aγ , R
0 (l+, l−, u; q, z±) = Tr
R
r z
2iA−;30− z
2iA+;30
+ q
L0−c/24, (3.3)
and . . . stands for the massive characters which are irrelevant for us since, as shown in [6],
they do not contribute to the index I2.
The Aγ character of the module r = (l+, l−, u) can be written in a product form:
SCh
Aγ , R
0 (l+, l−, u; q, z±) = SR(u; q, z±)× SChA˜γ , R0 (l˜+, l˜−; q, z±) (3.4)
Here SR(u; q, z±) denotes the R-sector character of the model S which is a theory of four
Majorana fermions and one free boson. The model S is the simplest theory with Aγ sym-
metry.
SCh
A˜γ , R
0 (l˜+, l˜−; q, z±) is the character of the massless R-sector representation r˜ = (l˜+, l˜−)
of the non-linear algebra A˜γ [24] and l˜± = l± − 12 . We give explicit expressions for the
characters SR(u; q, z±) and SChA˜γ , R0 (l˜+, l˜−; q, z±) in Appendix D.
In what follows we will use the expressions [24] of the generators of the non-linear algebra
A˜γ in terms of the Aγ generators:
T˜ = T +
1
k
U2 +
1
k
∂QaQa (3.5)
G˜a = Ga +
2
k
UQa − 2
3k2
ǫabcdQ
bQcQd +
2
k
Qb
[
t+iba A˜
+;i − t−iba A˜−;i
]
(3.6)
A˜±;i = A±;i − 1
2k
(ti±)abQaQb (3.7)
2We do not impose any GSO projection.
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The product structure (3.4) implies the decomposition of the ground states in the module
r = (l+, l−, u) as
|V 〉 ⊗ |fs〉 ⊗ |u〉 (3.8)
Here |fs〉 ⊗ |u〉, s = 1, . . . , 4 are R ground states of the model S, while |V 〉 are the ground
states in the R-sector module r˜ = (l˜+, l˜−) of the A˜γ algebra. (By |u〉 we denote the ground
state of the boson and by |fs〉 the R ground states of the four fermions in the model S. )
As was shown in [10], the states |V 〉 form two irreducible representations of zero-mode
algebra A˜±;i0 . The first one, let us call it |V1〉, is built by acting with operators A˜±;−0 on the
highest weight state |Ω˜〉 defined by the following equations
G˜+0 |Ω˜〉 = 0, K±|Ω˜〉 = 0,
A˜±;+0 |Ω˜〉 = 0, iA˜±;30 |Ω˜〉 = l˜±|Ω˜〉 (3.9)
where l˜± = l± − 12 and we use the notations:
G˜±0 = G˜
1
0 ± iG˜20, K± = G˜30 ± iG˜40, A˜±;±0 = A˜±;10 ± iA˜±;20 (3.10)
The second representation |V2〉 is built by acting with operators A˜±;−0 on the state G˜−0 |Ω˜〉
which has the properties:
A˜±;+0 G˜
−
0 |Ω˜〉 = 0, iA˜±;30 G˜−0 |Ω˜〉 = (l˜± −
1
2
)G˜−0 |Ω˜〉 (3.11)
Note, that from unitarity and (3.9) follows:
L˜0|Ω˜〉 = h˜|Ω˜〉, h˜ = (k+ − 1)(k− − 1)
4k
+
(l˜+ + l˜−)(l˜+ + l˜− + 1)
k
(3.12)
Recalling also conformal dimensions of |fs〉 and |u〉:
hf =
1
4
, hu =
u2
k
we compute the conformal dimension of the total R groundstate (3.8):
hR, ground = h˜ + hf + hu =
c
24
+
µ2
4k
+
u2
k
where µ = 2(l+ + l−)− 1 = 2(l˜+ + l˜−) + 1.
4 States contributing to the index I2.
In this section we study the structure of the index I2. We identify the special RR ground
states whose orbits under spectral flow generate the contribution of a massless r⊗ r module
to the index. We will give a geometric interpretation for these states in terms of differential
forms on the target space in Section 5.
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First, we recall some results [6] about the structure of the index I2. Using (1.1) and (3.2)
the large N=4 index I2 can be written as:
I2 =
∑
r
∑
r
Nr,rIndr(q, z)Indr(q, z) (4.1)
where Indr(q, z) stands for the contribution of the left-moving massless R-sector Aγ module
r = (l+, l−, u)
Indr(q, z) :=
[
z+
d
dz−
SCh
Aγ , R
0 (l+, l−, u; q, z±)
]
z
−
=−z, z+=z
(4.2)
and D30 = i(A
+;3
0 + A
−;3
0 ).
The factorized form (3.4) of the character SCh
Aγ , R
0 (l+, l−, u; q, z±) and explicit expres-
sions for the two factors (see Appendix D) allow to compute
Indr(q, z) = (−)2l−−1qu2/kΘ−µ,k(q, z), µ = 2(l+ + l−)− 1. (4.3)
From (4.1)(4.3) and the structure of the odd theta function Θ−µ,k(q, z) immediately follows
that states in the module r ⊗ r which contribute to the index I2 satisfy:
2D30 = ±µ+ 2km, L0 − c/24 =
u2
k
+
(D30)
2
k
, m ∈ Z (4.4)
2D
3
0 = ±µ+ 2km, L0 − c/24 =
u2
k
+
(D
3
0)
2
k
, m ∈ Z (4.5)
where D30 = i
(
A+;30 + A
−;3
0
)
, D
3
0 = i
(
A
+;3
0 + A
−;3
0
)
and µ = 2(l+ + l−)− 1.
Next, we make an important observation. The conditions (4.4)(4.5) are invariant under
symmetric spectral flow with parameters3 ρ = 2n, ρ = 2n:
L
(2n,2n)
0 = L0 − 2nD30 + kn2, D3(2n,2n)0 = D30 − kn, n ∈ Z (4.6)
L
(2n,2n)
0 = L0 − 2nD30 + kn2, D3(2n,2n)0 = D30 − kn, n ∈ Z (4.7)
There are 16 ground states in the module r⊗r which satisfy (4.4)(4.5) for m = 0, m = 0 and
generate the contribution of this module to the index by means of spectral flow (4.6)(4.7).
These special RR ground states are
|s, s〉 = |gs〉 ⊗ |gs〉, s = 1, . . . , 4, s = 1 . . . , 4 (4.8)
where |gs〉 is one of the following special ground states in the left-moving module
|g1〉 = |Ω˜〉 ⊗ |f1〉 ⊗ |u〉, |g2〉 = |Ω˜〉 ⊗ |f2〉 ⊗ |u〉 (4.9)
|g3〉 =
(
iA˜+;−
)2l˜+(
iA˜−;−
)2l˜
− |Ω˜〉 ⊗ |f3〉 ⊗ |u〉, |g4〉 =
(
iA˜+;−
)2l˜+(
iA˜−;−
)2l˜
−|Ω˜〉 ⊗ |f4〉 ⊗ |u〉
(4.10)
3Symmetric spectral flow with parameter ρ acts as L
(ρ,ρ)
0 = L0 − ρD30 + kρ
2
4 , D
3(ρ,ρ)
0 = D
3
0 − kρ2
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In (4.9)(4.10) the state |Ω˜〉 is defined in (3.9) and R ground states |fs〉 of the free fermions
are specified as(
Q10 + iQ
2
0
)
|fs〉 = 0, s = 1, 2,
(
Q10 − iQ20
)
|fs〉 = 0, s = 3, 4 (4.11)(
Q30 + iQ
4
0
)
|fs〉 = 0, s = 1, 4,
(
Q30 − iQ40
)
|fs〉 = 0, s = 2, 3
The four right-moving states |gs〉 which enter the definition of |s, s〉 have analogous form.
The states |s, s〉 have conformal dimensions
hR, ground =
c
24
+
µ2
4k
+
u2
k
, hR, ground =
c
24
+
µ2
4k
+
u2
k
(4.12)
and the following iA±;30 eigenvalues
m
(1)
+ = l+, m
(1)
− = l− − 1
2
, m
(2)
+ = l+ − 1
2
, m
(2)
− = l−,
m
(3)
+ = −l+, m(3)− = −(l− − 1
2
), m
(4)
+ = −(l+ − 1
2
), m
(4)
− = −l−
with analogous expressions for iA
±;3
0 .
5 Geometric interpretation of the index I2.
In the previous section we considered the contribution to the index I2 from massless RR-
sector Aγ module r ⊗ r. We found that this contribution comes from spectral flow orbits of
the special RR ground states |s, s〉 = |gs〉 ⊗ |gs〉.
Here we first clarify the geometric meaning of the left-moving states |gs〉. Then, we
combine left and right moving sectors and give a geometric interpretation of the index I2.
In Section 5.1 we characterize the states |gs〉 as Dirac spinors on the target space X
specified by a system of differential and algebraic equations (5.19)-(5.32).
In Section 5.2 we describe the special RR states |s, s〉 in terms of differential forms on X
defined in (5.36)-(5.55).
In Section 5.3 we show that coefficients of leading terms in the index I2 are sums∑
p1,p2
(−)p1+p2n(p1, p2)
where n(p1, p2) is the number of (p1, p2) forms that solve equations (5.61)-(5.70).
This is similar in spirit to the geometric description [25] of the leading contribution to
the elliptic genus but the forms counted in the index I2 are more special. In particular, they
have either the highest or the lowest weight under the action of su(2)+ ⊕ su(2)− algebra on
differential forms on the target space.
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5.1 Geometric meaning of the special R ground states |gs〉.
Here we give a geometric description of the states |gs〉, which are left-moving parts of the
special RR ground states found in Section 4.
To clarify the geometric meaning of the states |gs〉, we proceed in the following way.
First, we find the constraints on |gs〉 in terms of the zero modes of Aγ generators. Then,
by representing the zero modes in terms of vector fields on the target space X and Dirac
matrices, we recast the constraints on |gs〉 as a system of differential and algebraic equations
on a Dirac spinor on X.
From the definition (4.9) of the states |gs〉 for s = 1, 2 in terms of |Ω˜〉, |fs〉 we find
G˜+0 |gs〉 = 0, G˜30|gs〉 = 0, G˜40|gs〉 = 0, s = 1, 2 (5.1)
and (
Q10 + iQ
2
0
)
|gs〉 = 0, s = 1, 2,
(
Q30 + iQ
4
0
)
|g1〉 = 0,
(
Q30 − iQ40
)
|g2〉 = 0. (5.2)
As a consequence of (5.1)(5.2), |gs〉 for s = 1, 2 also satisfy
A±;+0 |gs〉 = 0, G+0 |gs〉 = 0, s = 1, 2 (5.3)
where we denote
A±;+0 = A
±;1
0 + iA
±;2
0 , G
+
0 := G
1
0 + iG
2
0.
Analogously, states |gs〉 for s = 3, 4 (4.10) are specified by
G˜−0 |gs〉 = 0, G˜30|gs〉 = 0, G˜40|gs〉 = 0 (5.4)
and (
Q10 − iQ20
)
|gs〉 = 0, s = 3, 4,
(
Q30 + iQ
4
0
)
|g4〉 = 0,
(
Q30 − iQ40
)
|g3〉 = 0. (5.5)
As a consequence of (5.4)(5.5), |gs〉 for s = 3, 4 also satisfy
A±;−0 |gs〉 = 0, G−0 |gs〉 = 0, s = 3, 4 (5.6)
where
A±;−0 := A
±;1
0 − iA±;20 , G−0 := G10 − iG20.
In order to understand the geometric meaning of the constraints (5.1)-(5.6) on the states
|gs〉 we will represent zero modes of the operators of the Aγ algebra in geometric terms. We
need zero modes of the currents EAˆ(z) and ΨA(z), which were used in the realization of Aγ
generators in section 2.2. From the OPE (2.12) we find commutation relation for zero modes
[E0 Aˆ, E0 Bˆ] = iHAˆBˆCˆE0 Cˆ (5.7)
so that E0 Aˆ can be represented in terms of vector field on the group manifold G.
E0 Aˆ = −
i
√
k
2
EMˆ
Aˆ
∂Mˆ (5.8)
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Here XMˆ are coordinates on G and EMˆ
Aˆ
is the inverse of the veilbein (see Appendix A). It is
possible to choose the coordinates XMˆ = (xM , φm) in such a way that xM , M = 1, . . . 4k−
parametrize the right coset space X and φm, m = 1, . . . , dimH are coordinates on H. Then,
EmA = 0 and E0 A, A = 1, . . . 4k− are vector fields on X.
Note that E0 A do not form a closed Lie algebra but, using the complex structures J
i
AB,
there are three different ways to split them into the two subsets which do so. We choose
J3AB and divide the generators TA, A = 1, . . . 4k− into two groups Tα and T2k−+α such that
J3α 2k
−
+α = 1 ∀α = 1 . . . 2k− Then, complex vector fields
Vα = E0 2k
−
+α − iE0 α, Vα = E0 2k
−
+α + iE0 α (5.9)
form Lie algebras N±:
[Vα, Vβ] = F γαβ Vγ, [Vα, Vβ] = F γαβ Vγ (5.10)
with structure constants:
F γ
αβ
= −Hα 2k
−
+β 2k
−
+γ +Hβ 2k
−
+α 2k
−
+γ + iHα 2k
−
+β γ − iHβ 2k
−
+α γ (5.11)
F γαβ = −
(
F γ
αβ
)∗
Next, we realize zero modes of fermions ΨA in terms of hermitean Dirac matrices on X
ΨA0 =
√
k
2
ΓA, A = 1, . . . , 4k− (5.12)
and define their complex linear combinations:
γα =
1
2
(
Γ2k−+α + iΓα
)
, γα =
1
2
(
Γ2k−+α − iΓα
)
{γα, γβ} = δα β (5.13)
ρα = iJ−
αβ
γβ, ρα = −iJ+αβγβ (5.14)
where J+αβ = J
1
αβ + iJ
2
αβ and J
−
αβ
= J1αβ − iJ2αβ
The above representation (5.8)-(5.14) of EA0 ,Ψ
A
0 allows us to express zero modes of the
supersymmetry currents Ga(z) (2.16) in terms of vector fields Vα, Vα and Dirac matrices as:
G30 + iG
4
0 =
2i√
k
[
γαVα +
1
2
Fαβδγδγαβ
]
(5.15)
G30 − iG40 = −
2i√
k
[
γαVα +
1
2
Fαβδγαβγδ
]
(5.16)
G10 + iG
2
0 =
2i√
k
[
ραVα +
1
2
Fαβδρδραβ
]
(5.17)
G10 − iG20 = −
2i√
k
[
ραVα +
1
2
Fαβδραβρδ
]
(5.18)
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Here and below the indices are lowered with δαβ or δαβ and raised with δ
αβ or δαβ.
Let us now find the geometric description of the special states |gs〉 (4.9)(4.10) relevant
for the index. For this purpose, we express the constraints (5.1)-(5.6) on |gs〉 in terms of
vector fields Vα, Vα (5.9) on X and Dirac matrices (5.13),(5.14). In this way the states
|gs〉, s = 1, . . . 4 are considered as Dirac spinors on X defined by the following system of
equations.
I. For all s = 1, . . . 4 the spinors |gs〉 satisfy Dirac-like equations constructed out of
Dirac matrices γα, γα : [
γα
(
Vα− ν(s)α
)
+
1
2
Fαβδγδγαβ
]
|gs〉 = 0 (5.19)
[
γα
(
Vα− ν(s)α
)
+
1
2
Fαβδγαβγδ
]
|gs〉 = 0 (5.20)
where
ν
(s)
α = −
i
2k−
tα(ǫ
(s) − iu), ν(s)α =
i
2k−
tα(ǫ
(s) + iu) ǫ(s) = m
(s)
+ +m
(s)
− (5.21)
and
tα = h
3
α + ih
3
2k
−
+α, tα = (tα)
∗ , α = 1, . . . , 2k−, h3A = J
3 BCHABC (5.22)
II. For different s = 1, . . . , 4 there are different algebraic constraints on the spinors
|gs〉 :
xαγ
α|gs〉 = 0, s = 1, 2 xαγα|gs〉 = 0, s = 3, 4 (5.23)
tαγ
α|gs〉 = 0, s = 2, 3 tαγα|gs〉 = 0, s = 1, 4 (5.24)
where
xα = h
1
α + ih
2
α, xα = (xα)
∗ (5.25)
III. For s = 1, 2 (s = 3, 4) the spinors |gs〉 have the highest (lowest) weight under the
action of su(2)+ ⊕ su(2)− algebra:
J+αβγ
αβ|gs〉 = 0, yδVδ|gs〉 = 0, s = 1, 2 (5.26)
J−
αβ
γαβ|gs〉 = 0, yδVδ|gs〉 = 0, s = 3, 4 (5.27)
where yδ = xδ, y
δ = xδ.
The corresponding weights are iA±;30 |gs〉 = m(s)± |gs〉. These eigenvalue equations lead to
an algebraic constraint on the spinors
1
2
(
−k− +
2k
−∑
α=1
γαγα
)
|gs〉 = m(s)− |gs〉 (5.28)
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and specify the action of the vector field fαVα− fαVα
i
4k−
[
f
δ
Vδ − fδVδ +
(
f
δFδβα + fδFδαβ
)
γαγβ
]
|gs〉 = (k−
2
+m
(s)
+ +m
(s)
− )|gs〉 (5.29)
where fα = tα, f
α
= tα.
IV. The spinors |gs〉 satisfy one more Dirac-like equation constructed out of Dirac
matrices ρα, ρα [
ραVα +
1
2
Fαβδρδραβ
]
|gs〉 = 0 s = 1, 2 (5.30)
[
ραVα +
1
2
Fαβδραβρδ
]
|gs〉 = 0 s = 3, 4 (5.31)
V. For all s = 1, . . . 4 the spinors |gs〉 have eigenvalue u under the action of u(1)
generator iU.
− 1
4k−
[
f
δ
Vδ + f
δVδ +
(
f
δFδβα− fδFδαβ
)
γαγβ
]
|gs〉 = u|gs〉 (5.32)
5.2 Geometric description of the special RR ground states |s, s〉.
In Section 4 we identified the RR ground states |s, s〉 which generate the contribution to
the index I2 of the massless Aγ module r ⊗ r. Here we find a geometric description of these
special states in terms of (p1, p2) forms on the target space X.
In order to characterize the special states |s, s〉 we use the left-moving Aγ operators
written in geometric terms in Section 5.1 and supply analogous expressions for the right
moving ones. Before we formulate our geometric description of the states |s, s〉, let us clarify
the new ingredients of the construction.
The geometric realization of the four supersymmetry generators G
a
0 in the right-moving
sector involves vector fields Wα,Wα defined as follows.
Wα = E0 2k
−
+α − iE0 α, Wα = E0 2k
−
+α + iE0 α, α = 1, . . . , 2k− (5.33)
Here E0 A, A = 1, . . . , 4k− are zero modes of the currents EAˆ(z) =
k√
2
(
g−1∂g
)
Aˆ
. They are
represented as vector fields on the group manifold G as:
E0 Aˆ = −
i
√
k
2
E
Mˆ
Aˆ ∂Mˆ , Aˆ = 1, . . . , dimG (5.34)
In (5.34) E
Mˆ
Aˆ is the inverse of the matrix E
Aˆ
Mˆ = −i
√
k
2
(
g−1∂Mˆg
)Aˆ
and g is a parametrization
of the group manifold G. We also recall that in Section 5.1 we have chosen a parametriza-
tion in such a way that xM , M = 1, . . . 4k− are coordinates on the right coset X and
φm, 1, . . . , dimH are coordinates on the subgroup H. In this way E
m
A = 0 and E0 A be-
come vector fields on X.
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The other new ingredient, that appears when we combine left and right sectors, are Dirac
matrices γα, γα which represent zero modes of the right-moving fermions.
Now we give a geometric interpretation of the states |s, s > relevant for the index I2 in
terms of differential forms on the target space X :
|s, s〉 = 1
p1!
1
p2!
C
(s,s)
α1...αp1β1...βp2
γα1...αp1γβ1...βp2 |hw >, γα|hw〉 = 0, γα|hw〉 = 0 (5.35)
Here C
(s,s)
α1...αp1β1...βp2
are components of a (p1, p2) form C
(s,s)
(p1,p2)
on X (with respect to a basis
of veilbein 1-forms).
For all s, s = 1, . . . , 4 the forms C
(s,s)
(p1,p2)
satisfy
DC(s,s)(p1,p2) = ν(s) ∧ C
(s,s)
(p1,p2)
, D†C(s,s)(p1,p2) = iw(s)C
(s,s)
(p1,p2)
(5.36)
DC(s,s)(p1,p2) = ν(s) ∧ C
(s,s)
(p1,p2)
, D†C(s,s)(p1,p2) = iw¯(s)C
(s,s)
(p1,p2)
(5.37)
where symbol iw denotes the interior product with vector w and (anti-)holomorphic differ-
ential
(
D
)
D acts on a (p1, p2) form as follows:
(
DC(p1,p2)
)
α1...αp1+1β1...βp2
:= V[α1
(
Cα2...αp1+1]β1...βp2
)
+
p1
2
F δ[α1α2 C|δ|α3...αp1+1]β1...βp2
(
D†C(p1,p2)
)
α1...αp1−1β1...βp2
:= V β
(
Cβα1...αp1−1 β1...βp2
)
− p1 − 1
2
Fδγ [α1Cα2...αp1−1]δγβ1...βp2
(5.38)(
DC(p1,p2)
)
β1...βp2+1α1...αp1
:= W[β1
(
Cβ2...βp2+1]α1...αp1
)
+
p2
2
F δ
[β1β2
C|δ|β3...βp2+1]α1...αp1(
D†C(p1,p2)
)
β1...βp2−1α1...αp1
:=W δ
(
Cδβ1...βp2−1 α1...αp1
)
− p2 − 1
2
Fδγ
[β1
Cβ2...βp2−1]δγα1...αp1
Here F δαβ (5.11) is torsion and vector fields Vα, Vα,Wα,Wα are defined in (5.9),(5.33).
The 1-forms ν(s), ν(s) and vectors w(s), w¯(s) have the following flat components:
ν(s)α =
i
2k−
tα(ǫ
(s) + iu), ν
(s)
α = −
i
2k−
fα(ǫ(s) − iu) (5.39)
w(s) α = − i
2k−
fα(ǫ(s) − iu), w¯(s) α = i
2k−
tα(ǫ
(s) + iu) (5.40)
where ǫ(s) = m
(s)
+ +m
(s)
− , ǫ(s) = m
(s)
+ +m
(s)
− and tα = h3α + ih
3
2k
−
+α, f
α = h3α − ih32k
−
+α.
We recall also the definition of hiA = (h
i
α, h
i
2k
−
+α) in terms of torsion and complex structures
hiF = J
i ABHABF .
The degrees of the forms C
(s,s)
(p1,p2)
describing RR ground states |s, s > are given by:
p
(s)
1 = k− + 2m
(s)
− , p
(s)
2 = k− − 2m(s)− (5.41)
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The structure of the form C
(s,s)
(p1,p2)
is further constrained as
C
(s,s)
(p1,p2)
= ∗(J−, J+)B(s)(2k
−
−p1,2k−−p2) (5.42)
where B
(s,s)
(2k
−
−p1,2k−−p2) is a (2k−− p1, 2k−− p2) form which is in the kernel of D† for s = 1, 2(
D for s = 3, 4
)
as well as in the kernel of D for s = 1, 2
(
D† for s = 3, 4
)
.
The symbol ∗(J−, J+) stands for Hodge-like duality operation which maps (n1, n2) forms
into (2k− − n1, 2k− − n2) forms and is defined in components as(
∗(J−, J+)B(n1,n2)
)
α1...α2k
−
−n1
β1...β2k
−
−n2
= κn1κn2Bδ1...δn1δ1...δn2
× (5.43)
J− δ1β1 . . . J− δn1βn1J+ δ1β1 . . . J+ δn2βn2 ǫβ1...βn1α1...α2k−−n1 ǫβ1...βn2α1...α2k−−n2
where κn1 =
(−)n1+1(i)n1
n1!
, κn2 =
(−)n2+1(−i)n2
n2!
and J− αβ = J1αβ− iJ2αβ , J+ αβ = J1αβ+ iJ2αβ .
The forms C
(s,s)
(p1,p2)
are further specified by a number of equations. Below we list these
constraints for different values of s, s, i.e. for the forms describing different states |s, s >
(5.35) :
s = 1, 2
x ∧ C(s,s)(p1,p2) = 0 (5.44)
J+[αβC
(s,s)
α1...αp1 ]β1...βp2
= 0, yδVδ(C
(s,s)
α1...αp1 β1...βp2
) = 0 (5.45)
s = 3, 4
iyC
(s,s)
(p1,p2)
= 0 (5.46)
J− αβC(s,s)
αβα3...αp1 β1...βp2
= 0, yδVδ(C
(s,s)
α1...αp1 β1...βp2
) = 0 (5.47)
s = 1, 2
iy¯C
(s,s)
(p1,p2)
= 0 (5.48)
J+ αβC
(s,s)
αββ3...βp2 α1...αp1
= 0, yδWδ(C
(s,s)
β1...βp2 α1...αp1
) = 0 (5.49)
s = 3, 4
x ∧ C(s,s)(p1,p2) = 0 (5.50)
J−
[αβ
C
(s,s)
β1...βp2 ]α1...αp1
= 0, yδWδ(C
(s,s)
β1...βp2 α1...αp1
) = 0 (5.51)
ifC
(s,s)
(p1,p2)
= 0 for s = 1, 4, t ∧ C(s,s)(p1,p2) = 0 for s = 2, 3, (5.52)
t ∧ C(s,s)(p1,p2) = 0 for s = 1, 4, if¯ C
(s,s)
(p1,p2)
= 0 for s = 2, 3 (5.53)
where the flat components of the 1-forms x, x, t, t and vectors y, y, f, f are given by
xα = h
1
α + ih
2
α, tα = h
3
α + ih
3
2k
−
+α, y
α = h1α − ih2α, fα = h3α − ih32k
−
+α (5.54)
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xα = (xα)
∗ , tα = (tα)
∗ , yα = (yα)∗ , f
α
= (fα)∗
We also recall the definition of hiA = (h
i
α, h
i
2k
−
+α), α = 1. . . . , 2k− in terms of torsion and
complex structures hiF = J
i ABHABF .
Note that equations (5.45)(5.49) state that the form C
(s,s)
(p1,p2)
for s = 1, 2 or s = 1, 2 is the
highest weight state under the action of su(2)+ ⊕ su(2)− on (∗, p2) or (p1, ∗) forms on X .
Analogously, conditions (5.47)(5.51) imply that the form C
(s,s)
(p1,p2)
for s = 3, 4 or s = 3, 4 is the
lowest weight state. The corresponding su(2)− weights iA−;3 = m
(s)
− , iA
−;3
= m
(s)
− specify
the degrees (5.41) of the form. The following equations ensure that the su(2)+ weights are
iA+;3 = m
(s)
± , iA
+;3
= m
(s)
± and the u(1) eigenvalues are iU = u, iU = u.
f
δ
(
Vδ(C
(s,s)
α1...αp1 β1...βp2
)+p1Fδα[α1C
(s,s)α
α2...αp1 ]β1...βp2
)
= −ik−(k−+2(ǫ(s)−iu))C(s,s)α1...αp1 β1...βp2
fδ
(
Vδ(C
(s,s)
α1...αp1 β1...βp2
)− p1F βδ[α1 C
(s,s)
|β|α2...αp1 ]β1...βp2
)
= ik−(k− + 2(ǫ(s) + iu))C
(s,s)
α1...αp1 β1...βp2
fδ
(
Wδ(C
(s,s)
β1...βp2 α1...αp1
)+p2Fδα[β1C
(s,s)α
β2...βp2 ]α1...αp1
)
= ik−(−k−+2(ǫ(s)+iu))C(s,s)β1...βp2 α1...αp1
f
δ
(
Wδ(C
(s,s)
β1...βp2 α1...αp1
)−p2F αδ[β1 C
(s,s)
|α|β2...βp2 ]α1...αp1
)
= ik−(k−−2(ǫ(s)− iu))C(s,s)β1...βp2 α1...αp1
(5.55)
where ǫ(s) = m
(s)
+ +m
(s)
− , ǫ(s) = m
(s)
+ +m
(s)
− .
5.3 The geometric meaning of the leading terms in the index
In Section 5.2 we found the geometric interpretation of the RR states |s, s > whose orbits
under spectral flow (4.6)(4.7) generate the contribution of r ⊗ r module to the index I2.
These states were described as (p1, p2) forms on the target space specified by the system of
equations (5.36)-(5.55).
Now we clarify the geometric meaning of the leading terms in the index I2. Ignoring the
contribution of the excited states in each of the r⊗ r modules, we recast the expression (4.1)
for the index as
I2 =
∑
u
∑
u
q
u2
k q
u2
k
k−1∑
µ=1
k−1∑
µ=1
q
µ2
4k2 q
µ2
4k2
(
zµ z µd++(µ, µ) + z
µ z −µd+−(µ, µ)+ (5.56)
z−µ z µd−+(µ, µ) + z−µ z −µd−−(µ, µ)
)
+ . . .
In (5.56) we denote:
d++(µ, µ) =
min(k
−
+µ−1, 2k
−
−1)∑
p1 = max(µ+k−−k+, k−)
min(k−µ, k
−
)∑
p2 = max(k−−µ+1, 1)
(−)p1+p2 n(p1,+; p2,+) (5.57)
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d+−(µ, µ) = −
min(k
−
+µ−1, 2k
−
−1)∑
p1 = max(µ+k−−k+, k−)
min(k
−
+µ−1, 2k
−
−1)∑
p2 = max(µ+k−−k+, k−)
(−)p1+p2 n(p1,+; p2,−) (5.58)
d−+(µ, µ) = −
min(k−µ, k
−
)∑
p1 = max(k−−µ+1, 1)
min(k−µ, k
−
)∑
p2 = max(k−−µ+1, 1)
(−)p1+p2 n(p1,−; p2,+) (5.59)
d−−(µ, µ) =
min(k−µ, k
−
)∑
p1 = max(k−−µ+1, 1)
min(k
−
+µ−1, 2k
−
−1)∑
p2 = max(µ+k−−k+, k−)
(−)p1+p2 n(p1,−; p2,−) (5.60)
Here n(p1,+; p2,+) is the number of (p1, p2) forms which have the following special proper-
ties:
I.
DC = ν ∧ C, D†C = 0, DC = 0, D†C = iw¯C (5.61)
where (anti-)holomorphic differential
(
D
)
D with torsion is defined in (5.38). The
symbol iw¯ denotes the interior product with vector w¯. The 1-form ν and vector w¯ have
flat components
να =
i
2k−
tα(µ+ iu), w¯
α =
i
2k−
f
α
(µ+ iu) (5.62)
where f
α
= tα = h
3
α + ih
3
2k
−
+α, α = 1, . . . , 2k− and we recall that h
i
A = (h
i
α, h
i
2k
−
+α)
is defined as hiA = J
i BCHABC .
II.
C = ∗(J−, J+)B, D†B = 0, DB = 0 (5.63)
where Hodge-like duality operation ∗(J−, J+) is defined in (5.43).
III.
J+[αβCα1...αp1 ]β1...βp2
= 0, yδVδ(Cα1...αp1 β1...βp2
) = 0,
J+ αβCαββ3...βp2 α1...αp1
= 0, yδWδ(Cβ1...βp2 α1...αp1
) = 0 (5.64)
where vector fields Vα, Vα, Wα,Wα are given in (5.9, 5.33) and y
α = h1α + ih
2
α.
IV.
x ∧ C = 0, iy¯C = 0, t ∧ C = 0, ifC = 0 (5.65)
where 1-forms x, t and vectors y¯, f have flat components
xα = y¯
α, tα = f
α = h3α − ih32k
−
+α
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The equations in group III state that the form counted in n(p1,+; p2,+) has the highest
weight under the action of su(2)+ ⊕ su(2)− algebra on (∗, p2) and (p1, ∗) forms on X. The
corresponding weights are:
iA−;30 =
p1 − k−
2
, iA
−;3
0 =
k− − p2
2
, iA+;30 =
µ− p1 + k−
2
, iA
+;3
0 =
µ− k− + p2
2
The eigenvalues of the form under the u(1) action are
iU = u, iU = u
These eigenvalue equations have the structure (5.55) with substitution ǫ(s) → µ, ǫ(s) → µ
Analogously, n(p1,+; p2,−) is the number of (p1, p2) forms which have the following
special properties:
I.
DC = ν ′ ∧ C, D†C = 0, DC = ν ′ ∧ C, D†C = 0 (5.66)
where
ν ′α =
i
2k−
tα(µ+ iu), ν
′
α = −
i
2k−
fα(−µ− iu), (5.67)
II.
C = ∗(J−, J+)B′, D†B′ = 0, D†B′ = 0 (5.68)
III.
J+[αβCα1...αp1 ]β1...βp2
= 0, yδVδ(Cα1...αp1 β1...βp2
) = 0,
J−
[αβ
Cβ1...βp2 ]α1...αp1
= 0, yδWδ(Cβ1...βp2 α1...αp1
) = 0 (5.69)
IV.
x ∧ C = 0, x ∧ C = 0, if¯ C = 0, ifC = 0 (5.70)
The equations in group III state that the form counted in n(p1,+; p2,−) has the highest
weight under the action of su(2)+ ⊕ su(2)− algebra on (∗, p2) forms and the lowest weight
under the action on (p1, ∗) forms. The corresponding weights are:
iA−;30 =
p1 − k−
2
, iA
−;3
0 =
k− − p2
2
, iA+;30 =
µ− p1 + k−
2
, iA
+;3
0 =
p2 − µ− k−
2
The eigenvalues of the form under the u(1) action are
iU = u, iU = u
These eigenvalue equations have the structure (5.55) with substitution ǫ(s) → µ, ǫ(s) → −µ
The other two quantities n(p1,−; p2,+) and n(p1,−; p2,−) can be defined in a similar
way.
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6 Conclusion
The main result of this paper is a geometric interpretation of the index I2 for the N = 4
gauged WZW models. In particular, we showed that the states contributing to the index I2
belong to spectral flow orbits (4.6)(4.7) of special RR ground states. We characterized these
states geometrically as (p1, p2) forms on the target space specified by equations (5.36)-(5.55).
Besides, we showed that the coefficients of the various leading terms in the index can
be obtained by counting with (−1)p1+p2 sign the numbers n(p1, p2) of (p1, p2) forms with
certain properties (5.61)-(5.70). This is similar in spirit to the geometric description of the
leading contribution to the elliptic genus but the forms counted in the index I2 are more
special. In particular, they have either the highest or the lowest weight under the action of
su(2)+ ⊕ su(2)− algebra on differential forms on the target space.
Although we have used the structure of the N = 4 cosets in realization of Aγ algebra,
our results are formulated in a rather general form in terms of the torsion and the triplet of
complex structures on the target space. Therefore, it is a natural question if our geometric
interpretation is valid for arbitrary σ-models with Aγ symmetry. It is hard to answer this
question. The major problem stems from the fact that realization of Aγ algebra is known
only for N = 4 gauged WZW models. One can construct new theories with Aγ symmetry
by considering symmetric product orbifolds of these WZW models, but then one has to deal
with another problem of smoothing the target space into a manifold by resolving the orbifold
singularities. Finding a general σ-model with Aγ symmetry remains an open problem.
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7 Appendix A
Here we give the component form of the action for the supersymmetric gauged WZW model.
As we review in section 2 the path integral for this theory takes the form:
Z =
∫
[dG][dH][dB][dC][dB][dC]e
−
∫
d2θ
(
I(G)−I(H)
)
−Sghost (7.71)
where the σ-model fields are arranged in superfields as:
G = g
(
1 + θψ + θg−1ψg − θθψg−1ψg
)
(7.72)
H = h
(
1 + θη + θh−1ηh− θθηh−1ηh
)
(7.73)
where g(h) is a map from Riemann surface Σ to the group G(H). The fermions ψ, ψ(η , η)
take values in the Lie algebra of G(H).
The component form of the action is given by:
S = Ibos(g)− Ibos(h) + Iferm(ψ, ψ, g)− Iferm(η, η, h) + Sghost (7.74)
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where
Ibos(g) = − k
8π
{∫
Σ
d2zTr′
(
g−1∂gg−1∂g
)
+
∫
B
dtd2zTr′
(
g˜−1∂tg˜
[
g˜−1∂g˜, g˜−1∂g˜
])}
(7.75)
and
Iferm(ψ, ψ, g) =
k
8π
∫
Σ
d2z
{
Tr′
(
ψ∇gψ
)
+ Tr′
(
ψ∇gψ
)}
(7.76)
Here ∇g = ∂− [∂gg−1,−], ∇g = ∂− [g−1∂g,−] are the covariant derivatives in the adjoint
representation of the Lie algebra of G.
Introducing coordinates XMˆ on G we define a veilbein:
EAˆ
Mˆ
= −i
√
k
2
(∂Mˆgg
−1)Aˆ, EAˆ
Mˆ
ENˆ
Aˆ
= δNˆ
Mˆ
(7.77)
so that Ibos(g) has a standard σ-model form (with α
′ = 1)
Ibos(g) =
1
2π
∫
Σ
d2z
(
gMˆNˆ +BMˆNˆ
)
∂XMˆ∂XNˆ (7.78)
Here gMˆNˆ = E
Aˆ
Mˆ
EBˆ
Nˆ
δAˆBˆ and BMˆNˆ is defined as
1√
k
EAˆ
Mˆ
EBˆ
Nˆ
ECˆ
Pˆ
HAˆBˆCˆ = −
3
2
∂[MˆBNˆPˆ ] (7.79)
8 Appendix B
Here we summarize the OPE’s of the Aγ algebra:
Ga(z)Gb(w) ∼ 2c
3
δab
(z − w)3 −
4k−t+iabA
+i(w) + 4k+t
−i
abA
−i(w)
k(z − w)2 (8.80)
−2k−t
+i
ab ∂A
+i(w) + 2k+t
−i
ab ∂A
−i(w)
k(z − w) +
2δabT (w)
z − w
Ai±(z)Aj±(w) ∼ −k±
2
δij
(z − w)2 +
εijkA
k±
z − w (8.81)
Qa(z)Gb(w) ∼ δ
abU(w)
(z − w) +
t+iabA
+i(w)− t−iabA−i(w)
(z − w) (8.82)
A±;i(z)Ga(w) ∼ ∓k±
k
t±iabQ
b(w)
(z − w)2 +
1
2
t±iabG
b(w)
(z − w) (8.83)
A±;i(z)Qa(w) ∼ 1
2
t±iabQ
b(w)
(z − w) (8.84)
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Qa(z)Qb(w) ∼ −k
2
δab
(z − w) (8.85)
U(z)Ga(w) ∼ Q
a(w)
(z − w)2 (8.86)
U(z)U(w) ∼ −k
2
1
(z − w)2 (8.87)
where t±iab = ±2δi[aδ4b] + ǫiab and
c =
6k+k−
k
, k = k+ + k−
Comment: The name Aγ originated from the fact that the OPE’s of the algebra can be
parametrized by two parameters k and γ = k−
k
.
9 Appendix C
Here we give explicit expressions for HABC , J
i
AB, h
a
F ,M
i
AB in the example of SU(3) WZW
model. The hermitean generators of su(3) are:
T 1 =
1√
2
 0 −i 0i 0 0
0 0 0
 , T 2 = 1√
2
 0 1 01 0 0
0 0 0
 (9.88)
T 3 =
1√
2
 0 0 00 0 −i
0 i 0
 , T 4 = 1√
2
 0 0 00 0 1
0 1 0
 (9.89)
T 5 =
1√
2
 0 0 −i0 0 0
i 0 0
 , T 6 = 1√
2
 0 0 10 0 0
1 0 0
 (9.90)
T 7 =
1√
2
 1 0 00 0 0
0 0 −1
 , T 8 = 1√
6
 1 0 00 −2 0
0 0 1
 (9.91)
They satisfy [TA, TB] = ifABCT
C , T rTATB = δAB.
The non-zero components of torsion HABC =
1√
2
fABC :
H127 = −1
2
, H128 = −
√
3
2
, H347 = −1
2
, H348 =
√
3
2
, (9.92)
H135 = −1
2
, H146 = −1
2
, H245 =
1
2
, H236 = −1
2
, H567 = −1 (9.93)
The non-zero components of complex structures J iAB
J312 = −1, J334 = −1, J356 = −1, J378 = −1 (9.94)
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J213 = −1, J224 = 1, J258 = −1, J267 = −1 (9.95)
J114 = 1, J
1
23 = 1, J
1
57 = −1, J168 = 1 (9.96)
The non-zero components of haF defined in (2.45):
h1F = −4δF,6, h2F = 4δF,5, h3F = 4δF,7, h4F = −4δF,8 (9.97)
The non-zero components of M iAB defined in (2.39):
M378 = −2, M356 = 2, M157 = 2, M168 = 2 (9.98)
M258 = −2, M267 = 2 (9.99)
10 Appendix D
Here we give explicit expressions for the characters which appear in Section 3.
The Aγ character of the model S is given by:
SR(u; q, z±) = qu2/k+1/8FR(q, z±)×
∞∏
n=1
(1− qn)−1(z+ + z− + z−1+ + z−1− ) (10.100)
where
FR(q, z±) =
∞∏
n=1
(1 + z+z−qn)(1 + z−1+ z−q
n)(1 + z+z
−1
− q
n)(1 + z−1+ z
−1
− q
n) (10.101)
The character of the massless R-sector representation r˜ = (l˜+, l˜−) of the A˜γ algebra has
the following form:
Ch
A˜γ , R
0 (l˜+, l˜−; q, z±) = q
h˜−c˜/24FR(q, z±)× (10.102)
∞∏
n=1
(1− qn)−2(1− z2+qn)−1(1− z−2+ qn)−1(1− z2−qn)−1(1− z−2− qn)−1
∞∏
n=1
(1− qn)−1(z−1+ + z−1− )(1 + z−1+ z−1− )(1− z−2+ )−1(1− z2−)−1
×
∞∑
m,n=−∞
qn
2k++2nl˜++m2k−+2ml˜−
∑
ǫ+,ǫ−=±1
ǫ+ǫ−z
2ǫ+(l˜++nk+)
+ z
2ǫ
−
(l˜
−
+mk
−
)
− (z
−ǫ+
+ q
−n + z−ǫ−− q
−m)−1
where
h˜ =
(k+ − 1)(k− − 1)
4k
+
(l˜+ + l˜−)(l˜+ + l˜− + 1)
k
, (10.103)
c˜ =
6k+k−
k
− 3, k = k+ + k−.
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